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Binomial Theorem

An expression which contains two terms

Can be written in 3 different ways:

Expression 1:

𝒂 + 𝒃 𝒏 = 𝒏
𝟎 𝒂𝒏 + 𝒏

𝟏 𝒂𝒏"𝟏𝒃 + 𝒏
𝟐 𝒂𝒏"𝟐𝒃𝟐 +⋯+ 𝒏

𝒓 𝒂𝒏"𝒓𝒃𝒓

Expression 2:

𝒂 + 𝒃 𝒏 = 𝒏𝑪𝟎𝒂𝒏 + 𝒏𝑪𝟏𝒂𝒏"𝟏𝒃 + 𝒏𝑪𝟐𝒂𝒏"𝟐𝒃𝟐 +⋯+ 𝒏𝑪𝒓𝒂𝒏"𝒓𝒃𝒓

Expression 3:

𝒂+𝒃 𝒏 = 𝒂𝒏 + 𝒏 𝒂𝒏"𝟏𝒃+
𝒏 𝒏−𝟏

𝟐 𝒂𝒏"𝟐𝒃𝟐 +⋯+
𝒏 𝒏−𝟏 … 𝒏−𝒓+𝟏

𝟏 𝟐 …(𝒓) 𝒂𝒏"𝒓𝒃𝒓

Important

𝒏𝑪𝒓 =
𝒏!

𝒓! 𝒏 − 𝒓 !

where 𝒏! = 𝒏 𝒏 − 𝟏 𝒏 − 𝟐 … 𝟐 𝟏

This is a rather important result as it can be tested with
questions where the binomial coefficients are not given

Expression Special Terminology

𝒏𝑪𝟎, 𝒏𝑪𝟏, 𝒏𝑪𝟐, … Binomial Coefficients

𝒏𝑪𝒓𝒂𝒏"𝒓𝒃𝒓 General 𝒓 + 𝟏 𝐭𝐡 term

𝒏! 𝒏 factorial

𝒙𝟎 Independent term of 𝒙



Example:

Find the coefficient of 𝒙𝟗 of the expansion of

𝟐𝒙𝟐 −
𝟏
𝒙

𝟏𝟐

Solution

We first find the 𝒓 + 𝟏 𝐭𝐡 term

𝒓 + 𝟏 𝒕𝒉 𝐭𝐞𝐫𝐦 = 𝟏𝟐
𝒓 𝟐𝒙𝟐

𝟏𝟐"𝒓
−
𝟏
𝒙

𝒓

= 𝟏𝟐
𝒓 𝟐 𝟏𝟐"𝒓 −𝟏 𝒓 𝒙𝟐 𝟏𝟐"𝒓 𝒙 "𝒓

= 𝟏𝟐
𝒓 𝟐 𝟏𝟐"𝒓 −𝟏 𝒓 𝒙 𝟐𝟒"𝟑𝒓

For the term in 𝒙𝟗, by comparison,

𝟐𝟒 − 𝟑𝒓 = 𝟗

𝒓 = 𝟓

∴ The coefficient of 𝒙𝟗 = 𝟏𝟐
𝟓 𝟐 𝟏𝟐"𝟓 −𝟏 𝟓

= −𝟏𝟎𝟏𝟑𝟕𝟔

Take Note:

Observe the way the groupings have been done. We group the
constants (i.e. numbers) and variables (i.e. 𝒙) separately

For the term

𝟐𝒙𝟐 𝟏𝟐"𝒓 = 𝟐 𝟏𝟐"𝒓 𝒙𝟐 𝟏𝟐"𝒓

We split up the constants and variables using Indices Law from
Chapter 2: Indices & Surds

For the term

−
𝟏
𝒙

𝒓
= −𝟏 𝒓 𝒙 "𝒓

We split up the constants and variables as such by first moving the
variables to the numerator via the negative power trick (Indices Law
from Chapter 2: Indices & Surds)

Always factor out the −𝟏 if there is a negative sign in the
expression

At this junction, if you get a 𝒓
value where it is NOT an integer,
please review your workings
again as this is not possible

Take Note:

When the question is asking for “Independent term of 𝒙” or “Constant term”,
follow the same steps as shown but when comparing the 𝒙 powers, equate the
expression to 𝟎

𝟐𝟒 − 𝟑𝒓 = 𝟎
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Example: [Common Exam Question Type]

Find, in ascending powers of 𝒙, the first three terms of the expansion of

𝟏
𝟑𝒙 − 𝟐𝒙

𝟐
𝟔

*Hence, or otherwise, find the term independent of 𝒙 in the expansion of

𝟏
𝟑𝒙

− 𝟐𝒙𝟐
𝟔
𝟓 + 𝒙𝟑

Solution

𝟏
𝟑𝒙

− 𝟐𝒙𝟐
𝟔
=

𝟏
𝟑𝒙

𝟔
+ 𝟔

𝟏
𝟏
𝟑𝒙

𝟓
−𝟐𝒙𝟐 + 𝟔

𝟐
𝟏
𝟑𝒙

𝟒
−𝟐𝒙𝟐 𝟐 +⋯

=
𝟏
𝟕𝟐𝟗

𝒙"𝟔 −
𝟒
𝟖𝟏

𝒙"𝟑 +
𝟐𝟎
𝟐𝟕

+⋯

The independent term of 𝒙 for the expansion will be

𝟏
𝟑𝒙 − 𝟐𝒙

𝟐
𝟔
𝟓 + 𝒙𝟑 =

𝟏
𝟕𝟐𝟗𝒙

"𝟔 −
𝟒
𝟖𝟏𝒙

"𝟑 +
𝟐𝟎
𝟐𝟕 +⋯ 𝟓 + 𝒙𝟑

= ⋯+ −
𝟒
𝟖𝟏𝒙

"𝟑 𝒙𝟑 +
𝟐𝟎
𝟐𝟕 𝟓 +⋯

= 𝟑
𝟓𝟑
𝟖𝟏
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Explanation & Methodology:

The second part of this question is commonly tested in exams where
students will be required to find another term of 𝒙 in another similar
expansion

𝟏
𝟑𝒙

− 𝟐𝒙𝟐
𝟔
𝟓 + 𝒙𝟑

Always use the additional term added to help you solve the question. Many
students will disregard the implications of that additional term

Since we are required to find the independent term of 𝒙, students should
ask themselves which term multiplied by each of the terms in the additional
term is required to get the independent term of 𝒙. Each of the unique terms
in the additional term MUST be used once.

𝟏
𝟕𝟐𝟗

𝒙"𝟔 −
𝟒
𝟖𝟏

𝒙"𝟑 +
𝟐𝟎
𝟐𝟕

+⋯ 𝟓 + 𝒙𝟑

To use the 𝒙𝟑 term, we need to use the 𝒙"𝟑

To use the constant 𝟓, we need to use the other constant 

Additional Term



Example: [Challenging Variant]

In the given expansion, where 𝒏 > 𝟎, the first 𝟑 terms in ascending powers of 𝒙 are

𝒌
𝒙𝟑
+ 𝒄𝒙

𝒏

=
𝟏
𝒙𝟔𝟔

+
𝟒𝟒
𝒙𝟔𝟐

+
𝟗𝟐𝟒
𝒙𝟓𝟖

+⋯

Find the values of 𝒌, 𝒏 and 𝒄

[S4 CCHS(Y) P2/2012 PRELIM Qn 2(a)]

Solution

To find the values, we expand the left-hand side of the equation first

𝒌
𝒙𝟑
+ 𝒄𝒙

𝒏
=

𝒌
𝒙𝟑

𝒏
+ 𝒏

𝟏
𝒌
𝒙𝟑

𝒏−𝟏
𝒄𝒙 𝟏 + 𝒏

𝟐
𝒌
𝒙𝟑

𝒏−𝟐
𝒄𝒙 𝟐 +⋯

=
𝒌𝒏

𝒙𝟑𝒏 + 𝒏
𝒌𝒏−𝟏

𝒙𝟑𝒏−𝟑 𝒄𝒙 +
𝒏 𝒏 − 𝟏

𝟐
𝒌𝒏−𝟐

𝒙𝟑𝒏−𝟔 𝒄𝟐𝒙𝟐 +⋯

=
𝒌𝒏

𝒙𝟑𝒏 +
𝒏𝒄𝒌𝒏−𝟏

𝒙𝟑𝒏−𝟒 +
𝒏 𝒏 − 𝟏 𝒄𝟐𝒌𝒏−𝟐

𝟐𝒙𝟑𝒏−𝟔 +⋯
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Continued

Comparing coefficients,

𝒙𝟑𝒏 = 𝒙𝟔𝟔
𝟑𝒏 = 𝟔𝟔
𝒏 = 𝟐𝟐

𝒌𝟐𝟐 = 𝟏
𝒌 = 𝟏

𝒏𝒄𝒌𝒏"𝟏 = 𝟒𝟒
𝟐𝟐 𝒄 𝟏 = 𝟒𝟒
𝒄 = 𝟐

Explanation:

This variant is challenging as the left-hand side of the binomial expression
has unknowns. When dealing with such unknowns, students must be able to
apply the Binomial Theorem, and also use the given result below to solve for
all the Binomial Coefficients

𝒏𝑪𝒓 =
𝒏!

𝒓! 𝒏 − 𝒓 !
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For more notes & learning materials, visit:
www.overmugged.com

‘O’ levels crash course program

IG handle:
@overmugged
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Join our telegram 
channel:
@overmugged

Need help?

ONG KAI WEN
(Private tutor with 4 
years of experience)

9721 6433
(Whatsapp)

@ongkw28
(telegram username)

Professionally designed crash course to help you get a condensed revision before your ‘O’ Levels!

The 4 hour session focuses on going through key concepts and identifying commonly tested 
questions!

Our specialist tutors will also impart valuable exam pointers and tips to help you maximise your 
preparation and ace your upcoming national exam!

The crash courses will begin in June 2021 and last till Oct 2021.

Pre-register now on our website and secure your slots!

http://www.overmugged.com/
https://www.instagram.com/overmugged/
https://t.me/overmugged
https://www.overmugged.com/crashcourses

