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Relations & Functions

A relation is a rule that maps elements of a given set A (input) to 
elements of a given set B (output). Set A is known as the domain and 
set B the codomain of the relation.

A function f : X |→ Y is a relation which maps each element x in the set 
X to one and only one element y in the codomain Y (i.e. every input has 
exactly one output). Functions are subsets of relations. 
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Domain (X-Values)
Set X, the set of x values is called the domain of f, denoted by Df. This is 
usually defined in the question. 

Range (Y-Values)
If the element a ∈ X is mapped to the element b ∈ Y, then we write f (a) 
= b. b is called the image of a under f.
The range of f is the set of images of X under f, denoted by Rf (i.e. the 
set of y values found when the domain is put into the function).

Clara

Sarah

GP

History

Physics

Math

Students Subjects

The arrow in the diagram represents 
the relation 'took the subject’.

Domain (Input): Students
Codomain (Output): Subjects

Clara took GP, Physics and Math
Sarah took GP and History

Relations

Functions

Representing Functions
To define a function, both the rule and domain have to be clearly 
stated. It is not necessary to state the range of the function. At 'A' 
Levels most functions considered are relations between real numbers.

E.g. we write:
(1) f : x |→ x + 2, x ∈ ℝ+
(2) f (x) = x + 2, x ∈ ℝ+
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f : x |→ x2, x = {3,5}

Domain (Input) = {3,5}
Codomain (Output) = {2,9,14,25}
Range = {9,25}

*Range is a subset of codomain
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Vertical Line Test for Existence of Functions
A relation is a function if and only if any vertical line x = k, where k is a 
constant, k ∈ Df cuts the graph at one and only one point.

𝑓(𝑥) = ±√2𝑥

Since the vertical 
line x = k , where 
k ∈ ℝ+

0 does not 
cut the graph of 
f at one and only 
one point, f is 
not a function.

𝑥 = 𝑘

Functions Relations

One-to-One Many-to-One One-to-Many
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Inverse Functions
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Horizontal Line Test for Existence of Inverse Functions
At A Levels, to determine if the inverse function exists, we just need to 
check if it is one-to-one. To do this, we use the horizontal line test. 
Graphically, f is one-one if and only if every horizontal line y = k, k ∈ R 
cuts the graph of f at one and only one point.

𝑦 = 𝑥2

𝑦 = 𝑘

Since the horizontal 
line y = k cuts the 
graph at more than 
one point, it is not a 
one-to-one function. 
Therefore, its inverse 
does not exist.

The inverse function of f, f-1, is such that if y = f (x), then x = f-1 (y) .

Domain of f-1 = Range of f
Range of f-1 = Domain of f

Relationship between a Functions and its Inverse
Graphically, a function and its inverse are reflected images of each 
other in the line y = x .
The point(s) of intersection of g and g-1 lie(s) on the line y = x .
When sketching the graphs of g and g-1 on the same axis, the 
scales of the x-axis and y-axis must be the same.

Note: We can also test if a function is inverse or one-to-one algebraically.
If f (x1) = f (x2) → x1 = x2 for x1 , x2 ∈ Df , then f is one-one.

𝑔(𝑥) = 1 + 𝑒−𝑥

𝑔−1 𝑥 = −ln(1 − 𝑥)

𝑦 = 𝑥



Composite Functions
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Existence of a Composite Function
For the composite function gf to exist, the range of the inner function f 
must be a subset of the domain of the outer function g
Range of f ⊆ Domain of g
i.e. Rf ⊆ Dg

The composite function gf is defined as g f (x) = g [ f (x) ] 
If f is a function which maps set X to set Y and g is a function which 
maps set Y to set Z, then the composite function gf maps set X to set Z

gf denotes applying the mapping of the inner function f followed by 
the mapping of the outer function g.

Domain of Composite Functions: Dgf = Df

The range of gf is the range of g whose domain has been restricted to 
the range of f. To find the range of gf:
1. Use the domain of f (inner function) to find the range of f 
2. Set the range of f to be the new domain of g (outer function)
3. With this new domain of g, find the new range of g
4. This new range of g is the range of gf

X Y Z

gf

f g
Composition of a Functions and its Inverse
For inverse functions f and f-1:
ff-1(x) = f-1f(x) = x
The domain of f-1f(x) is Df

The domain of ff-1(x) is Df
-1



7

For more notes & learning materials, visit:
www.overmugged.com

‘A’ levels crash course program

IG handle:
@overmugged

Join our telegram 
channel:
@overmugged

Need help? Contact me:

Shalyn Tay

82014166 (Whatsapp)

@shalyntay
(telegram username)

Professionally designed crash course to help you get a condensed revision before your ‘A’ Levels!

The 6 hour intensive session focuses on going through key concepts and identifying commonly tested questions.

Our specialist tutors will also impart valuable exam pointers and tips to help you maximise your preparation and 
ace your upcoming national exam.

The crash courses will begin in June 2021 and last till Oct 2021.

Sign up now on our website or drop me a PM directly to secure your slots!

http://www.overmugged.com/
https://www.instagram.com/overmugged/
https://t.me/overmugged
https://t.me/DarrellEr
https://www.overmugged.com/crashcourses

